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Abstract. We exhibit a family of generalized plane wave manifolds of sig- 
nature (2,2). The geodesies in these manifolds extend for infinite time (i.e. 
they are complete), they are spacelike and timelike Jordan Osserman, and 
they are spacelike and timelike Jordan Ivanov-Petrova. Some are irreducible 
symmetric spaces. Some are homogeneous spaces but not symmetric. Some 
are 1-curvature homogeneous but not homogeneous. All are 0-modeled on the 
same irreducible symmetric space. We determine the Killing vector fields for 
these manifolds. 



1. Introduction 

We begin by recalling some definitions. Let Ai := {M, qm) be a pseudo-Riemannian 
manifold of signature {p, q). Let V'^Rm be the fc**^ covariant derivative of the curva- 
ture tensor and let Gm be the isometry group. The manifold M. is locally symmetric 
if V-Rx = and the manifold M is homogeneous if Gm sets transitively on Ai] 
note that a simply connected complete local symmetric space is homogeneous. One 
says that Ai is spacelike (resp. timelike) Jordan Osserman \li\ie Jacobi operator has 
constant Jordan normal form on the pseudo-sphere bundles of unit spacelike (resp. 
timelike) tangent vectors. Similarly, one says that a pseudo-Riemannian manifold 
M. is spacelike (resp. timelike) Jordan Ivanov-Petrova if the skew-symmetric cur- 
vature operator has constant Jordan normal form on the Grassmann bundles of 
oriented spacelike (resp. timelike) 2 planes. 

Examples are at the heart of modern Differential Geometry. Let {x,y,x,y) be 
coordinates on M^. To simplify the discussion, we shall only give the non-zero entries 
up to the usual symmetries when defining certain tensors. Let A{0) be the set of 
real analytic functions on a connected open subset O C K. If / G .4(K), define a 
pseudo-Riemannian metric of neutral signature (2, 2) on by setting: 

gfid^,dx) ^ -2/(y), gf{dx,di) = gf{dy, dy) ^ I . 

The generalized plane wave manifolds A4 f :— (R*, gf) are complete and form a rich 
family of examples; we shall explore their geometry in some detail in this paper. 
These metrics are a special case of Walker metrics; see pi for related work. 
Derdzinski 'S' studied the manifolds A4 / previously and showed: 

Theorem 1.1 (Derdzinski). Adopt the notation established above. Then: 

(1) If f^^^ never vanishes, then a-i := f^'^^f^^\f^^'^)~'^is an isometry invariant. 

(2) A4 f is symmetric if and only if f^^^ = 0. 

(3) Aif is curvature homogeneous if and only if f'^^'^ = identically or if f^^"^ 
never vanishes. 

This result enabled him to conclude: 
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Corollary 1.2 (Derdzinski). There exist neutral signature Ricci-flat 4 dimensional 
pseudo-Riemannian manifolds which are curvature-homogeneous but which are not 
locally homogeneous. 

In this paper, we will study these manifolds in further detail. 

Theorem 1.3. We have that: 

(1) The non-zero components of'V'' Rmj 0,^^' 

V''RMf{9x,dy,dy,d,;dy,...,dy) ^ f^'^ + ^K 

(2) All geodesies in Aif extend for infinite time. 

(3) If P ^ M"*, then exp^^ p : TpR"* ^ R** is a diffeomorphism. 

(4) All the local scalar Weyl invariants of A4f vanish. 

(5) // Z*-^^ ^ 0, then A4f is spacelike and timelike Jordan Osserman. 

(6) If Z*-^^ ^ 0, then M f is spacelike and timelike Jordan Ivanov-Petrova. 

(7) A4f is realizable as a hypersurface in R^^''^^ . 

We extend the earlier result of Derdzinski: 

Theorem 1.4. We have that: 

(1) Mf is symmetric if and only if f'^^^ = 0. 

(2) Mf is homogeneous if and only if /^^^ = ae^^ for some a, A G R. 

Remark 1.5. Setting / = + e^^ yields a complete spacelike and timelike Jor- 
dan Osserman manifold of signature (2, 2) which is not homogeneous. This is not 
possible in the Riemannian setting as Chi ^ showed that a complete 4 dimensional 
Riemannian Osserman manifold is necessarily either a rank 1-symmetric space or 
is flat. The manifold M.^y+e'^y is also a complete spacelike and timelike Jordan 
Ivanov-Petrova manifold. Again, this is not possible in the Riemannian setting as 
Ivanov and Petrova 15 showed that a complete 4 dimensional Riemannian Ivanov- 
Petrova manifold either has constant sectional curvature or is a warped product of 
an interval with a manifold of constant sectional curvature. All the Weyl scalar 
invariants of A^ey+e2y vanish. This is not possible in the Riemannian setting as 
Priifer, Tricerri, and Vanhecke |22j showed that if all local scalar Weyl invariants 
up to order ^m{m — 1) are constant on a Riemannian manifold A4, then A4 is 
locally homogeneous and Ai is determined up to local isometry by these invariants. 
We note that there exist Lorentzian manifolds all of whose Weyl scalar invariants 
vanish, see for example the discussion in Koutras and Mcintosh |16| or Pravda, 
Pravdova, Coley, and Milson |21j . 

Let (•, •) be a non-degenerate inner product on a finite dimensional vector space 
V. Assume given A' G ®'^+'V* for i = 0, 1, k. Set 

U'' iV,{;-),A^,A\...,A^). 

If is a pseudo-Riemannian manifold, set 

^M,P iTpM,gM\TpAI,RM\TpM, ■■■,'^'^IIm\tpm) ■ 

We define U°° and p similarly using an infinite sequence. One says that U'' is 
a k-model for Ai if for every point P of AI, there is a isomorphism <I>p from p 
to W*^, i.e. $p : TpM ^ V has 

^*p{-, ■) = 9m\tpM and ^*pA' = V'RmWpM for < i < fc . 

One says that M. is k- curvature homogeneous if it admits a fc-model; this means 
that the metric and the covariant derivatives of the curvature up to order k "look 
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the same at every point" . One says that is k-modeled on a homogeneous space 
Af if there exists Q e iV so that g is a A:-niodel for Ai . Let 

C2{0) := {/ e A{0) : > 0}, 

C3(0) {/ e A{0) : > and J^^) > 0}, 

/(^'+2){/(2)}f-i{/(3)}-P for / G C3(0) and p > 2 . 

We extend an earher result of Dcrdzinski: 

Theorem 1.6. 

(1) // / G C2(M), A4 f is 0-modeled on the irreducible symmetric space A4y2. 

(2) If f E C3(R), A4 f is 1-modeled on the homogeneous space Mg^y. 

(3) Let fi e C3(R). The following assertions are equivalent: 

(a) There exists an isometry (p : (A4f-^,Pi) — » {Mf2,P2)- 

(b) We have ap (/i)(Fi) = Mf2)iP2) forp>2. 

Remark 1.7. The manifold Mey+e^y is a complete pseudo-Riemannian manifold of 
signature (2, 2) which is not homogeneous but which is 0-modeled on the irreducible 
symmetric space A4y2 . Work of Tricerri and Vanhecke ^3 shows this is not possible 
in the Riemannian setting; work of Cahen, Leroy, Parker, Tricerri, and Vanhecke 
[2] shows this is not possible in the Lorentzian setting. 

Although the focus of this paper is primarily on global questions, we can also 
discuss the local geometry. If / £ A{0), set 

Mf^o ■■= {{{x, y,i,y)eR^:ye O}, gj) . 

Theorem 1.8. Let f G C3{0). The following assertions are equivalent: 

(1) A4f_o is locally homogeneous. 

(2) A4f^o is 2- curvature homogeneous. 

(3) a2 is constant on O. 

(4) either /^^^ = a{y + hY or f ~ ae^y. 

Remark 1.9. The manifold Aiy^ is a connected complete pseudo-Riemannian man- 
ifold of signature (2, 2) which contains a proper open connected homogeneous sub- 
manifold Aiyi^-^+. This is not possible in the Riemannian setting. 

Remark 1.10. Work of Singer in the Riemannian setting and of Podesta and 
Spiro 20 in the higher signature setting shows there exists a universal integer kp^q 
so that if is a complete simply connected fcp.q-curvature homogeneous manifold 
of signature {p,q), then A4 is in fact homogeneous. Opozda has established a 
similar result in the affine setting. Gromov and Yamato [5^] have given upper 
bounds for fco,g which are linear in q. There are Riemannian manifolds which are 0- 
curvature homogeneous but not homogeneous, see for example Ferus, Karcher, and 
Miinzer ^U] or Takagi |21]. It is clear that fco,2 = = ^2,0 = 0. Work of Sekigawa, 
Suga, and Vanhecke shows fco.a = ^0,4 = 1- We refer to the discussion 

in Boeckx, Kowalski, and Vanhecke 0j for further details concerning fc-curvature 
homogeneous manifolds in the Riemannian setting. In the Lorentzian setting, work 
of Bueken and Djoric and of Bueken and Vanhecke shows that fci.2 > 2. 
Theorem 11.81 shows that ^2,2 > 2; furthermore, 2-curvature homogeneity implies 
local homogeneity for this family. For p > 3, there are manifolds of neutral signature 
{p,p) which are (p— l)-curvature homogeneous but which are not homogeneous |12| : 
these examples have much the same flavor as the manifolds Ai / discussed here. 

We now return to the global setting. Let G/ be the Lie group of isometrics of 
and let 0/ be the associated Lie algebra. As we are working in the analytic category. 
Theorem 11.31 (^) shows that any local isometry extends to a global isometry so we 
may identify g j with the Lie algebra of Killing vector fields on Adf. 
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Theorem 1.11. 

(1) = 0, then di-aiQj = 10. 

(2) // = c ^ 0, then dim 0/ = 8. 

(3) // ae^y fora^O and A ^ 0, then dimg^ = 6. 

(4) =^ a(y + 6)" for a ^ and n = 1,2,..., </ien dimg^ = 6. 

(5) // ^ and if ^ + 6)" /or n £ N, then dimg^. = 5. 

Remark 1.12. The structure of the KiUing vector fields on a manifold reflects the 
underlying geometry of the manifold. The manifolds described in Theorem II . 1 II f 1 ) 
are flat, those in (2) are symmetric but not flat, those in (3) are homogeneous, those 
in (4) are homogeneous on the open sets where y + 6 is positive or negative but are 
not globally homogeneous, and those in (5) are not homogeneous. The calculations 
we shall perform in SectionElnot only determines the dimensions, but also exhibits 
bases explicitly for these algebras and permit a determination of their structure 
constants. 

Here is a brief outline to this paper. In Sectional we determine the geodesies 
and the curvature tensor of the manifolds Aif- Theorem 11.31 (D-iA) and Theorem 
11.41 (1) follow. In Section 13 we study models and establish Assertions (5) and 
(6) of Theorem 11.31 and Assertions (1) and (2) of Theorem 11.61 Section 0] deals 
with isometrics. In the real analytic context, an isomorphism from p to q 
induces a local isometry from Ai to A/". Since the manifolds we are considering 
are simply connected and complete, the local isometry extends globally. We use 
this observation to prove Theorem 11.31 (7) and Theorem 11.61 (3). We show that 
the solutions to the differential equation hh" = kh'h' have the form h = ae^^ if 
fc = 1 and h = a{y + by for c = (1 — k)^^ if fc ^ 1. This observation is used 
to establish Theorem 11.41 (2) and Theorem 11.81 In the final two sections of the 
paper, we study the Killing vector fields. In Section we establish a structure 
theorem for Killing vector fields on generalized plane wave manifolds satisfying a 
non-degeneracy condition; we then specialize this result to the manifolds Ai / when 
^ 0. In SectionEl we prove Theorem II. Ill 

Throughout this paper, we shall be studying the case when /'^^^ > 0; the case 
/•^^^ < is entirely analogous. The sign of /'^'^^ is irrelevant; the crucial condition is 
that IS non-zero. 

2. Geodesics and Curvature 

Definition 2.1. We follow the discussion in ^I]. For p > 2, let (xi, Xp, xi, Xp) 
be coordinates on M.^p. Let indices i, j, k range from 1 through p. Set 

df := and df := . 

2 axi I oxi 

Let S := Sij(a;i, ....Xp) be a smooth symmetric 2-tensor field on MP. We consider 
the generalized plane wave manifold V-e '■— (R^^,3h) of signature {p,p) where 

9E{d^,d^) := Eijixi, ...,Xp) and gE.{d^,df) := % . 

Lemma 2.2. Let , := \{dfS,k + d^-^k - 9^2,,). 

(1) The non-zero components of^^R-p^ are 

(2) All geodesics in Vs extend for infinite time. 

(3) IfPe M^P, then exp^^ p : TpM.^ ^ M"* is a diffeomorphism. 

(4) //S is quadratic in {xi, ...,Xp), then A4h is a symmetric space. 

(5) All the local scalar Weyl invariants of Vs vanish. 
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Proof. The non-zero Christoffel symbols are: 

(2.a) gs(yefdJ,d^) = Tf^k and Vg.^J = Efe fe^f • 

Assertion (1) follows by direct computation. We use Equation (|2.a|) to see that the 

geodesies have the form 

Xk{t) = Ctk + Pkt, 

Xk{t) = (ife + Pkt - Y.ij ILq Ir=o ^ijk{xir))drds, 

they extend for all time. Furthermore, given P and Q in R^p, there is a unique 
geodesic a with a{0) = P and ct(1) = Q; thus expp^ p is a diffeomorphism from 
TpR'^P to R'^P] we refer to JT] for further details. This establishes Assertions (2) 
and (3); Assertion (4) is an immediate consequence of Assertion (1). 
Introduce a new frame 

(2.b) ^» :=9,f-iE, S.jaj and X, := df . 

Then {Xi, Xi} is a hyperbolic frame, i.e. the only non-zero components of the 
metric tensor are given by gs{Xi,Xj) = Sij. Assertion (5) follows since V'^R-p^ is 
supported on the totally isotropic space Span{Xi} for any k. □ 

Proof of Theorem il.Sl (l)-(4) o-nd Theorem \l.4\ (!)■ We have: 

9{yaxdx,dy) = dyf, g{Vdxdy,dx) = giVdydx^d^) = -dyf, 

^d^dx = {dyf)dy, 'Vd^dy = S/dydx = -{dyf)di. 

Assertion (1) of Theorem 11.31 now follows. Assertions (2)-(4) of Theorem 11.31 and 
Assertion (1) of Theorem 1 1 . 41 follow directly from Lemma [2. 21 □ 

We shall follow the discussion in 9 to discuss the following hypersurfaces. 

Definition 2.3. Give MP'^'+^ :— Spanjei, Cp, ei, Cp, e} the inner-product: 

(ci, Cj) = 5ij, (e, e) = 1 . 

Let V be a smooth function on W. Define an embedding ^ ■.R'^p ^ m(p>p+i) by: 

'^{xi, ...,Xp,xi, ...,Xp) := ^ < XiCi + Xiii \ + ^p{xi, Xp)e . 

i=l ' 

Let hjf, := ^'*(-,-) and let Ti,^ := {M.^,hji,) be the associated pseudo-Riemannian 
manifold of signature (2,2). 

Lemma 2.4. Let Lij := Ofdjip. 

(1) The non-zero components ofSJ^Rji^ are: 
'^''Rn^idf^,di^,df.^,df^;dj^, ■■■,djj = {dj^...djJ{Li^i^Li^i^ - Lt^i^Lt^iJ . 

(2) All geodesies in Ti.^ extend for infinite time. 

(3) IfPe R^P, then exp.^^ p : TpW^ -^M.^ is a diffeomorphism. 

(4) If ip{xi,X2) — \x\ + f{x2), then the non-zero components ofSJ^Rji^ are 

Proof. Since = Vs where = dfip-djip, Ti^ is a manifold of the form discussed 
above. Consequently, Assertion (1) can be derived from Lemma It is, however, 
instructive to compute this directly. As 

V := -dfipei - ... - dpil^Cp -\- e 

is the unit normal to the hypcrsurface, Lij is the second fundamental form of the 
embedding. This establishes Assertion (1) for fc = 0. The computation of V^Rn^ 
for fc > now follows from the structure equations given in Equation H2.a|l : the 
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Christoffel symbols play no role. Assertions (2) and (3) follow from Lemma 12.21 
Assertion (4) follows from Assertion (1). □ 

3. Models 

Definition 3.1. Let {X,Y,X,Y} be a basis for R'^. Let U° (R", (•,•), A°) and 
:= (M"*, (•, •), y4°, A^) where the non-zero components of (•, •), A", and are: 

{X,X) = {Y,Y) = 1, A"{X,Y,Y,X) ^1, ernd A^{X,Y,Y,X;Y) ^ 1 . 
Proof of TheoremTTR (1). Set := dy := ^, := ^, and dy := ■§.. Then: 

gf{d^,d^) = -2f, gf{d^,ds:) ^ gf{dy,dy) = 1, RMfidx,dy,dy,d^) ^ f^'^K 
Suppose Z'-^-' > 0. To see that W° is 0-curvature model for Aif, we set 
X:^d, + fdi, y := (/(2))-i/2a^, X:=5s, Y := dy . 
Assertion (1) of Theorem II. 61 now follows. □ 

Proof of Theorem \l.ci\ (5. 6). In view of the above discussion, to prove Theorem 
11.31 fS). it suffices to show that W is spacelike and timelike Jordan Osserman. Let 
= aX + bY + hX + bY e M'*. If C is not nuU, then (a, 6) ^ (0, 0). We compute: 

Ruo (X, Y)X = -Y, Ru» (X, Y)Y^X, 

Juo[£,){aX + bY) = Q, Juo{£,)X^Q, 
JwiOi-bX + oY) ^ {a^ + 9){-bX + aY), Juo{C)Y ^0. 

Thus Jwid^ = and rank{ Jj^o(^)} — 1. This shows that the Jordan normal form 
of Juo{-) is constant on the set of non-null vectors and hence is spacelike and 
timelike Jordan Osserman. 

Similarly, to establish Theorem 11.31 (6), it suffices to show that U'^ is spacelike 
and timelike Ivanov-Petrova. Let {61,62} be an oriented orthonormal basis for an 
oriented 2 plane tt which contains no non-zero null vectors. We expand 

61 = aiX + biY + diX + biY and 62 = + b2Y + a2X + b2Y 

where 0162 — a25i ^ 0. We have Ru<>{Tr) — (0162 — a2bi)Ri(o{X,Y). Thus 

Ruo{-n) : X -> -(0162 - 0261)^, Rw{t^) ■ Y (0162 - a2bi)X, 
Ruo{tt) : X ^ 0, Ruo{n) -.Y ^0. 

Consequently, Ruo{'k)'^ = and rank{i?;^o (tt)} = 2 soU^ is spacelike and timelike 
Jordan Ivanov-Petrova. □ 

Let Uf^p := (M^ (■, ■),^°,p, ...) where 

(3.a) {X,X) = {Y,Y):=l, and A)^p[X,Y,Y, X-Y, ...,Y) := f^''+^\P) . 

If / e C3, let Vf;p :- (K*, (•, •), 5° p, ...) where 

{X,X) = {Y,Y) := 1, Blp{X,Y,Y,X) = 1, 
Bj^piX, Y, Y, X- Y) = 1, and 
Blp{X,Y,Y,X-Y,...,Y)-=ak{f,P) for k>2. 

Lemma 3.2. 

(1) There exists an isomorphism between lA^'p andU^^ p. 

(2) There exists an isomorphism between L(J°p andlA^^ p fortp — ^Xi + f{x2). 

(3) If f G C3(K), then there exists an isomorphism betweenlAJ^p and Vj°p. 
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Proof. To prove Assertion (1), we set 

This normalizes the metric to be hyperbohc but does not change the curvature 
tensor; the relations of Equation 13.a|l then hold by Theorem 11.31 (1). To prove 
Assertion (2), we set 

x:=df- ^h^idf,df)df - i/i^(af ,9f)a|, X df, 

Y := dl - ^h^{dl,df)df - \h^{d^, d^)dl Y := dl . 

Again, this normalizes the metric to be hyperbolic but does not change the curvature 
tensor; the relations of Equation (|3.a|l then hold by Lemma [2.41 

Let / e CsiR). Set Xi := eiX, Yi e2Y, Xi := e^^X, Yi ^ e^^Y to define a 
hyperbolic basis with 

V*'- , Fi , Fi , Xi ; Fi , . . . , Fi ) = £2£^+2 ^ (/c+2) ^ 

To ensure that 

Alp{Xi,Yi,Yi,Xi)^l and 4^p(Xi, Fi, Xi; Fi) = 1, 

we must have that ele2f^^^ — 1 and that £^£2/''^^ ^ 1- We set 

£2:=^ and £i:=£2-H/<'^r'/'- 
This then yields for fc > 2 that 

V'=i?(Xi , Fi , Fi , ; Fi , . .. , Fi ) = £-2{/(2) }-ie2+fe^(2+fe) 

This establishes the desired isomorphism. □ 

Proof of Theorem \l.b\ (2). If / G C3(K), then we may restrict the isomorphism of 
Lemma I3. 21 to see that there is an isomorphism between p and l^jp and that 
there is an isomorphism between Ujp and Vj p — ■ Because is depends 
neither on P nor on /, this shows that Aif is 1-curvature homogeneous and is, in 
particular, modeled on A^eB . □ 

We shall need the following technical Lemma in Sectional 
Lemma 3.3. 

(1) //Go is the symmetry group ofU^ , then Go C Gi(4,R) is the 4 dimensional 
Lie group with 2 connected components described by: 

Go = I Q ) : a, 7 e Af2(M), det a = ±1 and 7 + 7* = 

(2) IfGi is the symmetry group oflA^, then Gi C Gi(4,R) is the 2 dimensional 
connected Lie group described by: 

Proof. If e e Go, let 

QX = aiiX + aiaF + aigX + auf, 
er = a2iX + a22F + 023^ + a24F, 
ex = aaiX + a32F + 033^ + 034^, 
&Y = anX + a42F + 043^ + 044^ . 
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We set 



e 



as := 



/ cm 

«21 
031 
V 041 

an 
021 

031 

041 



ai2 ai3 

0-22 0-23 
tt32 ^33 
^42 043 

ai2 

a22 

032 
042 



ai4 \ 

0.24 
034 
044 / 

Q!2 := 
0:4 := 



tti 

as 



a2 
a^ 



where 



ai3 ai4 
023 024 



033 
043 



034 
O44 



As R{eX, QY, eV, QX) = 1, we have (011022 - 012021)^ = 1 and det{aif 
= R{QX, BY, QX, eX) = R{ex, QY, QY, QX) 
= R{QX, QY, QX, QY) = R{QX, QY, QY, QY) , 
we have that asi = 032 = 041 = 042 = and thus 0:3 = 0. As 



1. As 



g{QX,QX) = l, 
giQY,QX)=0, 

we have the relations 

1 = aiiaas + 012034, 
= O21O33 + O22O34, 

which can be rewritten in matrix form: 



g{QX, QY) = 
g{QY,QY) = l, 

= 011043 + 012044, 

1 = 021043 + 022O44 



Id 



On 
021 



012 

022 



033 

034 



043 

044 



aia\ , 



The relations g{QX, QX) = g{QX, QY) = g{QY, QY) = yield the equations 



= onois + 0x2014, 
= 011O23 + 012O24 

= O21O23 + 022 024 

which can be rewritten in matrix form as 



■ 013O21 + 014O22, 







On 
021 



012 

022 



Ol3 
Ol4 
t 



O23 
024 



Ol3 
O23 



Ol4 
024 



On 
012 



021 
022 



or cquivalcntly as aia^ + a2a\ = 0. Setting a = ai and a2 = 7(0;^^)* yields 
7 + 7* = which establishes the first implication of Assertion (1). Conversely, the 
implications arc all reversible and thus Q satisfies these relations implies 8 € Gq. 
Suppose 9 G Gi C Gq. Since 

R{QX,QY,QY,QX) = 1, 
VR{QX, QY, QY, QX; QY) = 1, 
VR{QX, QY, QY, QX; QX) = 0, 

1, 022 = 1, and 012 = 0. Thus we have on 



we have 011O22 — 012O21 
and a has the desired form. 



1 as well 
□ 



4. ISOMETRIES 

We shall need the following useful observation: 

Lemma 4.1. Let A4i :— {Mi,gi) be real analytic pseudo-Riemannian manifolds 
for i = 1,2. Assume there exist points Pi e Mi so exp^. p. : Tp.Mi Mi is a 



'eomorphism and so there exists an isomorphism $ between Wj^^ 
Then (f) := exp^^ 0$ o exp^^ is an isometry from M\ to M.2- 



idU 



M2,P2 ■ 
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Proof. Belger and Kowalski note about analytic pseudo-Riemannian metrics that 
the "metric g is uniquely determined, up to local isometry, by the tensors i?, Vi?, 
V'^i?, ... at one point."; see also Gray jlSj for related work. The desired result 
now follows. □ 

Proof of TheoremnH (1). Suppose / £ C3(K). Let i){xi,xi) = \x\ + j{xi). By 
Lemma [3.21 p and l^^^ p are isomorphic. By Theorem 11.31 (3) and Lemma 
12.41 (3), the exponential map is a global difFeomorphism for both manifolds. The 
desired result now follows by Lemma |4. II □ 

Proof of Theorem\rM (3). Suppose /^^H-P) 7^ 0. We may then choose X and Y in 
TpR"' so that Vi?7\4j: (X, y, F, X; F) ^ 0; for example, we could set X = dx and 
Y = dy. We expand 

X — aidx + a2dy + aidi + a2dy and Y = hidx + b2dy + bidx + b2dy . 

As VRMf{X,Y,Y,X;Y) = (0162 - a26i)'&2/(^\ (ai&2 - a2foi)'62 ^ and 

v'-i?^,(x,r,y,x;y,...,y) - (0162 - 0261)^6^7''+'^^ 

{X, y, y, X; y, y)i?>,, (x, y, y, x)p-ivi?^, (x, y, y, y)-p 

Suppose <j) : ^ Mf^ is a local isometry with (f){Pi) — P2. Set 
<i>:=MPi)-Tp,Ah^Tp,M2. 
Assume that /f ^(Pi) 0. Let X $(9^) and Y (^Sj,). Since 

/ i?Xjv^(9a;,(9y,(9y,9:r;ay)(Pi) = ($*i?A^^J(92,,i9j/,9y,i9a;;9y)(-Pi) 

= i?^,jx,y,y,X;y)(P2), 

we have f''^\P2) 7^ 0. Let p >2. One may compute: 

, , _ ^^'RMf^{dx,dy,dy,dx\dy, ...,dy)RMf^{dx,dy,dy,dxY^^ 



VPi?Ai,, X- y, y)i?^,^ (X, y, y, 



vi?M,^ (x,y,y,x;y)p 

= ap(/2,p2)- 

Thus Assertion (3a) implies Assertion (3b) in Theorem 1 1.61 Conversely, suppose 

ap(/i,A) =«p(/2,P2) for p>2. 
We use Lemma to see there is an isometry $ from Tp^Mf^ to Tp^Mf^ so that 

<^*V^Rmj^=^''Rms^ foraU A: . 
We may now apply Lemma [4. II to see that Al/i and M-f^ are isometric. □ 
To establish Theorem O (2), we shall need the following technical Lemma. 

Lemma 4.2. Let f e 03(0). If a2{f) — k is constant, then either /'^^ = ae^^ or 
f(^^^a{y + br. 

Proof Let h = Then h^O,h' =^0, and h"h = /fc/i'/i'. Thus 
Jljl^kJ^ so ln(;i') = fcln(M+/3 so 
/i' = e^h'' so J^ = e(^y + j. 

If A; = 1, this implies ln(ft,) = e^y + 7 or equivalently h = e'^e'^'^^ which leads to an 
exponential solution. If fc ^ 1, then /i^^'"' = (1 — k){e^y + ^); this leads to a solution 
involving powers of a translate of y. □ 
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Proof of Theorem \1.4\ (2) and Theorem El Suppose /(^'(y) = ae^y . If a or if 
A = 0, then 7W/,p is independent of P and hence ^Af is homogeneous by Lemma 
14.11 Thus we may assume a 7^ and A 7^ and hence f £ C3. Since ap{f) is 
constant for p > 2, Lemma l4 . 1 1 imphes Aif is homogeneous. 

Conversely, suppose Mf is homogeneous. If VRMf = 0, then /^^^ = c and we 
may take A = 0. Thus we may assume WRm} 7^ and hence f^'^^ ^ 0. Since the 
sign of /(^^ determines the sign of R{dx : dy , dy , dy) , we may suppose /'^' > 0; the 
case f'-^^ < is entirely analogous. By Theorem 11.61 ck2 is an isometry invariant. 
Thus a2 = so /^^^ — ae'^y or /^^^ — a{y + by. This latter case is ruled out since 
it is not vanishing on R; Theorem II. 41 (2^ now follows. 

The proof of Theorem II .81 follows the same lines but the additional solutions to 
the equation a2 — k given by a{y + hY now play a role. □ 

5. Killing vector fields 
We return to the generalized plane wave manifolds of Definition 12.11 Let 
/Ch,p := {11 e TpM : ^=7?^, (77, 6,6, 6; ^4, ...,6+3) = V 6 e ^pM2^ Vfc} . 
We have the following structure theorem: 

Theorem 5.1. Suppose that ICs,p = Span{9f} for all P e M^^. If X is a Killing 
vector field on Ai-B, then there exists ^ G MP, A e Mpxp(R) and a smooth function 
i-.WP ^ WP so that 

x{x. = E,(6 + A,3^,)df ~ Y.m^) + ■ 

Proof. We apply the discussion of Section |2] concerning the geodesies in V--. Let cj) 
be an isometry of Vs- Decompose 0(x,O) = {(f>i{x), (j)2{x)). Let 

$(x) := M^,0) : T(,^o)(R'^) T(^,(,),^,(,))(M2p), 

<I>Span{af} = «'/Ch,(^,o) = K^EM^fi) = Span{af} . 

Since j{t) :— {x,tx) is a geodesic with 7(0) = (a;,0) and 7'(0) = (0,x) and 
71 := o 7 is a geodesic with 71 (0) = {(f>i{x), (j)2{x)) and 7^(0) = (0, ^i{x)x), 

(j){x,tx) = (01 (x) , 02 (a;) +t^i{x)x) . 

Fix X. Choose x{t) so T{t) = {tx,x{t)) is a geodesic with t(0) = (0,0) and 
t'(0) = {x, 0). Thus (f>0T is a geodesic starting at ((/)i(0), 02(0)) with initial direction 
($2(0)a:,*3(0)j:) for suitably chosen $2,^3 e Mp(R). Thus 

0ot(s) = (0i(O) + .s$2(O)x,6s)) 

for some suitably chosen £,{s). Setting t = 1 shows (j)i{x) = 0i(O) + $2(0)0;. Thus 

(5.a) 0(x,i) = {Mx),Mx) +<^i{x)i) = (0i(O) + $2(0)3;, 02 (x) + $i(a;)i) . 

Let 0s is a smooth 1-parameter family of isometrics. Differentiating Equation 
(|5.a|l with respect to s and setting s = shows that Killing vectors have the form: 

(5.b) X = E.(6 + A.,xi)df - + A.,ix)i,)df . 

The Killing equation is 

gsiVdfX, df) + g^iSo-X, 5f ) = 

This equation then yields the relation Aji — Aij{x) —Q. □ 

Remark 5.2. In deriving Equation Ij5.b|) . we only needed the fact that was 
geodesic preserving which is implied by the somewhat weaker assumption that 
was an afhne morphism, i.e. 0*V = V. We see therefore as a scholium that any 
affine Killing vector field on Vb, has the form given in Equation IjS.bp . 

We specialize Theorem 15. II to the setting at hand: 
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Theorem 5.3. // / is not linear, then X is a Killing vector field on M.f if and 
only if 

X = i^i + Anx + Ai2y)da, + {£,2 + A21X + A22y)dy 

- {ii{x,y) + Aiix + A2iy)di - {S,2{x,y) + A^x + A22y)dy 

where 

= -2fAn~dyf ■{£2 + A2ix + A22y)~dJu 
-2fAi2-dxi2-dyii, and 

= -9,6. 

Proof. Let X = adx + f3dy — ads — (3dy. If / is not linear, then there exists 
k = k{P) so that /('^'(P) ^ for some k > 2. The non-degeneracy condition 
Ks,p = Span{9i, dy} is satisfied as 

V'^RMf {dx,dy, dy,dx;dy, dy) (P) ^ . 

The calculations of Section |21 show that 

Va^X= {dxa)dx • /3 - a,a)as ^{dyf ■OL-dx~P)dy 

Vg^X ^ {dya)dx +{dy(3)dy +{-dyf ■ a - dya)ds: -{dyf3)dy 

Vo,X= {dia)dx +{diP)dy -idxa)di -{dxp)dy 

\Jd-X= {dya)dx +{dyf3)dy -{dya)dx -{dy(3)dy . 

As X is a Killing vector field if and only if g{V^X, i]) + ^(V^X, ^) = for all 77}, 

= - dyf ■ 13 - d^a, = -2fdya - d^P - dya, 

= -2fdia + dxa - d^a, -2/%a + dxf3 - d-ga, 

= ~dy^, ^ O^dya- di:P, 

— dy(3 — dyP, = d^a, 

= dxP + dya, O^dyP. 

In view of Theorem 15. II we may set 

a = £1 + Aiix + Ai2y, /? = C2 + ^212; + ^222/, 

a = ii{x, y) + Aiix + A212/, f3 = ^2{x, y) + A12X + ^22^ . 
The desired results now follow. □ 

6. Killing vector fields on the manifolds M / 

Let G/,p C G/ be the isotropy subgroup of isometrics fixing a point P. Let Qj p 
and 0/ be the associated Lie algebras. Let X be a Killing vector field on A^/ with 
X[P) = P. Then X generates a flow 0* fixing P and d(f)^{P) = e*^ generates a 
1-parametcr family of symmetries of the model W]^ p where A G g ^ p satisfies: 

A:dx^ Ana, + A2idy - dMP)di - dMP)dy, 

A:dy^ A^2dx + A22dy - dyll{P)dx - dyl2{P)dy, 

A-.di—f -Audi - Ai2dy, and 
A:dy^ -A2idi: - A22dy . 

Proof of Theorem Tm\ (1). Suppose that = 0. Then i? = and hence Mj 
is isometric to R^^'^^. The isometry group is isometric to the warped product 
0(2, 2) X R"' and is 10 dimensional as claimed. □ 

Proof of Theorem \l.ll\ (5). Choose a primitive F so that dyF = f and F{0) = 0. 
We exhibit theKilling vector fields Xi, the associated flows , and the element of 
Ai £0/0 ^n.d the symmetry Si := e^^' for those vector fields that vanish at 0. 

(!) Xi=dx; (6 = 1); ■■ix,y,i,y)^{x + t,y,x,y). 
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(2)X2-as; ■.ix,y,x,y)-^ix,y,i + t,y). 

{3) X3 = dy, = <S>f' ■.ix,y,x,y)-^ix,y,S:,y + t). 

(4) X4 = -yds + xdy; (^1 = y, ^2 = -x); 
*f " : {x, y, X, y) -> {x, y,x~ty,y + tx); 

A4: dx ^ dy, A4 : dy -di, A4 : ^ 0, A4 : dy ^ 0, 

54 ■■ dx ^ dx + edy, S4 ■■ dy -> dy - edx, S'4 : 9s d^, S4 : dy ^ dy. 

(5) X5 = ydx + 2Fdi - idy- (A12 = 1, Ci = -2F); 

$f « : (x, y, i, y) ^ (x + y, £ + 2^^(y)t, y + tS: + F{y)t^). 
A^-.dx-^ 0, : ^ - fdsi, A5 : d^ ^ -dy, A5 : dy ^ 0, 

55 : dx ^ dx + efdy, S5 : dy ^ dy + ed^ + 2sfdi - e^fdy, 
S5 : dx ^ di — edy, S5 : dy dy. 

Suppose that /^^^ is non-constant. Thus J*^'^-' must be non-vanishing at some 
point P; to simphfy the notation, we may assume without loss of generaHty that 
P — 0. Since Uf^o is isomorphic to U^, dimg^p < 2 by Lemma [3.31 Since X4 and 
Xq are KiUing vector fields vanishing at with A4 and A^ linearly independent, 
dimgy p = 2. If f ^ ae^y for a 7^ and if / 7^ a(y + bf for a 7^ and c^O,l, 2, 
then ai is non-constant near and hence A^y is not locally homogeneous at 0. 
dim 0y (0) < 3 and the 5 Killing vector fields listed above are a basis for . □ 

Proof of Theorem \l.ll\ (3,4). Also suppose that / ~ ae^^ or / = a(y + hy. As we 
can choose P with f^^\P) ^ 0,Uj p is isomorphic to and thus dimg^ p < 2 by 
Lemma 13.31 Thus the argument given above shows dimg^ < 6 and to complete the 
proof, we must only exhibit an additional vector field. 

(1) Suppose that /(y) = e^v . Set 

Xe := ~^xdx +dy + ^xds,; {A^ = -^,^2 = !)• 
" : {x, y, X, y) (e-^*x, y + t, ei*x, y). 

(2) Suppose / = a(y -I- by. By renormalizing our coordinates, we may suppose 
a = 1 and 6 = 0. Set 

Xq := xdx - lydy - xdx + lydy] {An = 1,^22 = -|); 
'^^Hx,y,x,y) := (e*a;,e-c*y,e-*i,e = *y). 
This completes the proof. □ 

Remark 6.1. If / = ae^^, then the flows defined by Xi, X2, X^, and Xq act 
transitively on W^. This gives a direct proof that A^/ is a homogeneous space. If 
/ = ay" for n e N, then the flow defined by X^ fixes the hyperplane y = 0. Let 

O {{x,y,x,y) : y > 0} . 

The flows defined by Xi, X2, X3, and Xq define a transitive action on A4f\o] 
thus Mf^o is a homogeneous proper open incomplete submanifold of Aif. Such 
examples can not exist in the Riemannian setting. 

Proof of Theorem \l.ll\ (2). By rescaling, we may suppose /(y) — ±y^; we suppose 
f — y^ as the case / = — y^ is similar. We then have U'^ ^ is isomorphic to ZY" 
and thus by Lemma f3. 31 dimg^Q < 4. Consequently dimg^ < 8. To establish the 
desired result, we must construct 8 additional Killing vector fields. 

(1) Xq := dy + 2xydi - x^dy] (C2 = 1, |i = -2a;y, 6 = x^); 
^f"" : (a;, y, x, y) ^ {x,y + t,x + 2xyt + xt^,y - x'^t). 

(2) := xdy + iyx'^ - y)di - \x^dy; {A21 = 1, Ci = -yx'^, 6 = ^x^); 
At : dx ^ dy, Aj : dy 0, A7 : d^ 0, Aj : dy -dx] 

St : dy ^ dy, S7 : dx ^ dx, S7 : dy dy — ed^. 

(3) Xs := xdx - ydy - xdx + ydy] {An = I, A22 = -1); 
As:dx^ dx, As-.dy^ -dy. As : dx ^ -dx. As : dy ^ dy; 

Ss ■ dx ^ e^dx, Ss ■■ dy ^ e'^dy, Ss : d^ ^ e'^dx, Ss : dy ^ e^dy. 
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The proof is now complete. □ 

Remark 6.2. The vector field Xq generates the missing translational symme- 
try; the flows for Xi, X2, X3, Xq act transitively on M.^: this gives a direct proof 
that A4y2 is a homogeneous space. Furthermore, the isomorphisms generated by 
X4, X5, X7, Xs generate the full symmetry group of the model U^. We have omitted 
the flows for Xj and Xg in the interests of brevity. 
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